In this paper, we study the spin chain and string excitation in the two-parameters qdeformed AdS 3 ×S 3 proposed by Hoare [4] . We obtain the deformed spin chain model at the fast spin limit for choices of deformed parameters. General ansatz for giant magnons are studied in great detail and complicated dispersion relation is treated perturbatively. We also study several types of hanging string solutions and their charges and spins are analyzed numerically. At last, we explore its pp-wave limit and find its solution only depends on the difference of deformed parameters.
Introduction and summary
Since AdS/CFT correspondence was first advocated two decades ago [1] , the dictionary of correspondence has been getting more elaborated and precise. One of the sharpest correspondence has been observed in the correspondence between a single trace operator of large dimension in N = 4 super Yang-Mills theory in large-N limit and a sting/brane configuration in AdS 5 × S 5 spacetime [2] . Integrability has played a prominent role in this correspondence; the problem of finding anomalous dimension of the single trace operator leads to a problem of an integrable spin chain, and the sigma model on the string world sheet also exhibits integrability. The sigma model may be deformed with integrable structure intact and this deformation would correspond to a choice of new background that preserves integrability. This integrable deformation has been attracting attention and stimulates many works [2, 3] . Among many works that focus on one parameter deformation of the sigma model, Hoare proposed a two-parameter deformation of sigma models on the world-sheet of superstrings on AdS 3 × S 3 × M 4 with M 4 being T 4 or S 1 × S 3 [4] , and a deformed metric on AdS 3 × S 3 was also presented based on the sigma-model deformation. In this paper, we consider some string solutions on this deformed background and analyze the dispersion relation. With this new deformed metric, we are interested in investigating several types of string solution in this background.
The deformed metric involves two deformation parameter, κ + and κ − , and we can assume κ + ≥ κ − without loss of generality due to the symmetry κ + ↔ κ − . By taking κ − → 0 with κ + fixed, it becomes a one parameter deformation case [5] , while κ − → κ + limit provides a known squashed S 3 case [6] . We thus explore the effect of the two parameter deformation near these special point. The dispersion relations turn out to be complicated but some explicit forms are to be given as a perturbative series.
The organization of the paper is as follows: In Section 2, the spin chain Hamiltonian obtained from the sigma model on this back ground is discussed. In Section 3, long string solutions in this background and its dispersion relation is analyzed. The PP-wave limit is briefly discussed in Section 4. Section 5 serves summary and discussion. The appendix A summarizes some facts on the two-parameter deformed geometry.
2 Spin chain from q 2 -deformed AdS 3 (S 3 )
The Heisenberg spin chain could be derived from the sigma model in the fast spinning limit, and its Hamiltonian agrees with the one-loop calculation of anomalous dimensions in N = 4 super Yang-Mills theory [7] . Although this quantity may no longer be protected in the deformed theory with less symmetry, one can still study the effect of deformation to the spin chain Hamiltonian and dynamics from gravity side. Let us consider the deformed metric in R × S 3 ∈ AdS 3 × S 3 [4] . In the deformed coordinates (95) and (96), after a twist of angular coordinates ϕ = φ 1 + φ 2 and φ = φ 1 −φ 2 for simplicity, we consider a spinning string at the center of AdS by rotating coordinate φ 1 → t +φ 1 and setting ρ = 0. The metric then reads
The case of one-parameter deformation, i.e. κ − = 0, has been studied in [8] . Here we will focus on those novel cases where κ − = 0. With the choice of gauge t = κ 0 τ and taking fast-moving limit: κ ± → 0,Ẋ µ → 0, κ 0 → ∞, but κ 0 κ ± and κ 0Ẋ µ being kept fixed, one obtains the pull-back string action:
where C = −κ 2 0 (κ + − κ − ) 2 /4. Using one of the Virasoro constraints,
one obtains a q−deformed spin chain with Hamiltonian density
This is more or less a Heisenberg XXZ spin chain. To see that, one first rescales θ → θ/2, φ 2 → φ 2 /2 and defines a new Hamiltonian H ≡ 4(H + C). Then one obtains a spin chain interacting with magnetic field along z-axis, that is
where the spin vector n = (sin θ cos φ 2 , sin θ sin φ 2 , cos θ) and an external magnetic field B = (0, 0, 2 |C|). Similar result was obtained before in the case of deformed three-sphere [9] .
3 Open string solutions
One-spin giant magnon solution
We start with a simple case of the basic giant magnon solution that has one spin in S 3 , by following [13] . Because of Z 2 symmetry of κ + ↔ κ − , we assume κ + ≥ κ − without loss of generality; the κ − → 0 limit corresponds to the one-parameter deformation case. We take the ansatz
where y = σ − vτ and 0 < v < 1. The equation of motion for t admits a constant ρ solution. We choose ρ = 0 which is consistent with the equation of motion. The action and the Virasoro constraints are
where the prime denotes y derivative. The h equation, once integrated, leads to
where C is the constant of integration. By eliminating θ 2 from two Virasoro constraints, one finds C = vκ 2 . Thus,
The θ equation is
In terms of r = cos θ coordinate (0 ≤ r ≤ 1),
where
Note that g ϕϕ is a monotonically decreasing function of r from g ϕϕ = 1 (r = 0) to g ϕϕ = 0 (r = 1) under the condition κ + ≥ κ − . In order to have a physical solution, r has to be real. Namely r 2 ≥ 0. This leads to the condition,
Thus, v 2 ≤ 1 and v 2 ≤ ω 2 /κ 2 are required. We require that there exists two turning points; this implies ω ≥ κ. Two roots are given by
A general root for the condition g ϕϕ (r 0 ) = C is given by
where we have taken the − branch solution since it has a smooth κ − → 0 limit, r 2 0 = (1 − C)/(1 + κ 2 + C), which agrees with the expression in [13] . Thus,
(20)
Now we calculate the various conserved charges. The angular momentum J(= J 1 ) is
We also have
For later convenience, we define
The energy is given by (recall that g tt (ρ = 0) = −1)
Namely, the constant κ is related to the energy as
Infinite J limit Following [13] , we consider the infinite J giant magnon. This corresponds to r min = 0, namely,
In this case, the spin J and the constant factor 2π are
where both of them are divergent quantities. We need to choose a constant K such that 2πK − J becomes finite. This K will be related to the energy E and it will give a dispersion relation E − J = finite. The divergence is due to the lower end of the integral r = 0, and in order to cancel this divergence K is chosen to be
This is the same result as in [13] except the overall sign. (In [13] , their J has an opposite sign. But we may choose the sign of K for J to have a positive value.) We choose the positive root of ω = E/(2πT ), and
We may want to represent the dispersion relation E − J as a function of the momentum (or the deficit angle of the string configuration), but the current expression is too complicated to analyze analytically. We thus consider perturbative corrections with respect to κ − . First,
In order to avoid a unnecessary divergence, we first expand the integrands and integrate them to r max , and then expand the results in terms of κ − . This leads to
where we have used v 2 = (1 − r 2 max,0 )/(1 + κ 2 + r 2 max,0 ). The momentum corresponds to the angle spanned by asymptotic directions of the string,
.
(35)
In the κ − → 0 limit, it is reduced to r max,0 = sin p 2 [13] . Small κ − corrections for p are calculated as
This relation can be inverted to r max,0 = sin p 2 + · · · . By substituting this into E − J result, we obtain perturbative corrections to the dispersion relation, 
The first term is a generalization of the result of [13] ; the coefficient has some κ − corrections. The other terms are corrections in terms of sin p 2 . It is interesting to see how this complicated dispersion relation can be obtained via a dual gauge theory, but at this moment it is not clear.
Two-spin "spiky" string solution
We next try the two spin ansatz of [16] ,
where y = σ − vτ . In this case, as we will see, we find several types of hanging string solutions, rather than a spiky string solution. The action is
The equations of motion for h 1 and h 2 , after once integrated, are
where c 1 and c 2 are constants of integration. The negative sign for c 1 and an extra ω 2 for c 2 are for later convenience. Thus,
By eliminating ρ 2 from two Virasoro constraints,
we obtain
Using (40) and (41), we find the relation for the constants of integration,
From now on, we set Ω = 1 for simplicity. We take the solution c 1 = v and c 2 = 0 [17] which satisfies the condition for forward propagation of the string,
The solutions are now
ρ can be obtained from these two solution and the second Virasoro constraint,
Note that ρ → ±∞ for ρ → ∞. We may write
and f (ρ) = 0 has two roots as a function of cosh 2 ρ as
where ωκ + − κ − = 0 is assumed. Let us examine the allowed region of ρ. The original metric has a singularity at (recall that κ + ≥ κ − is assumed)
It is not difficult to check that ρ ± and ρ s satisfy the following inequalities,
Therefore, ρ − is not real. Since (ρ ) 2 → ∞ for ρ → ∞, ρ is real for ρ + ≤ ρ. Thus, the possible classical solutions exist in the following regions:
where the region (I) is valid if ρ + is real. This condition for ρ + to be real is
Otherwise, there exists no turning point, and we consider
This can also be viewed as a hanging string solution from the singular surface to the center of AdS.
The results with real ρ + cases are summarized in Fig. 1 and 2 . It contains the both region (I) and (II), and they are separated by the locations of the singular surfaces (the horizontal dashed lines in the figures). Fig. 1 shows the profiles for a general parameter setting, while Fig. 2 displays two special cases. The left one is for κ + = κ − , and then the singular surface is pushed to infinity. The right one is the case with κ − = 0 which is reduced to the one-parameter deformation result.
When ω is small ρ + becomes imaginary. So the solutions run from ρ = 0 to ρ s (and further). This case is summarized in Fig. 3 . 
and J 1 = 0. The lower end ρ + should be understood as ρ + = 0 if it takes a complex value. The dispersion relation is expressed as
where the reminder function K(κ + , κ − ) is
which vanishes in the κ ± → 0 limit as it should, and the dispersion relation of the undeformed case in [17] is recovered.
In the case of the region (I), the conserved charges are finite (ρ s works as a natural cutoff). 
For small values of κ ± , we plot the energy, the spins and the reminder function in Figure 4 
PP-wave limit
Following [10, 11] , we will take the pp-wave limit. First we perform the coordinate transformation in (95) and (96)
and then take following limits: send both ρ 0 , θ 0 → ∞ but keep their difference finite such that e θ 0 −ρ 0 ≡ 2µ. We would also like to have a controllable way to incorporate the deformation. A simple but nontrivial limit is to send κ ± → 0, but instead keep κ ± e ρ 0 finite. The metric after scaling becomes
where ∆ ≡ 2(κ + − κ − )e 2ρ 0 . We briefly look at two types of solutions in this background.
Moving straight string solution We consider the following ansatz [10] ,
By looking at a point with constant z (a point on the world-sheet with a fixed σ),
we find a condition for a part of the string not to travel faster than light; namely, z has to satisfy the condition, The Nambu-Goto action is
where we use z ≥ 0 and assume z ≥ 0; namely z(σ) is monotonic in σ. With respect to the choice of the parameters, different ranges of z are allowed in the condition (69):
• If V 2 ≤ µ 4 ∆ 2 , arbitrary z (and then σ) satisfies the condition. The solution is z = σ, 0 ≤ σ < ∞, and the string reaches the boundary. It covers the above light-like solution.
Note that for ∆ = 0, the string can reach the boundary for V > 0.
• If V 2 > µ 4 ∆ 2 , we have two branches: one is z = σ, σ 1 ≤ σ < ∞ with
which is similar to the straight string solution of [10] ; a folded string with the spike not reaching the boundary. The other is z = σ, 0 ≤ σ ≤ σ 2 with
which is a folded string solution that reaches to the boundary and it turns back at a point in the bulk. Now we focus on the solution with σ 1 ≤ σ ≤ ∞, which is a generalization of the straight line solution. Note that this case corresponds to a small ∆. The conserved charges are
where a and b represent the two ends of the string. For σ 1 ≤ σ < ∞, we introduce a large R for a cutoff.
A standard dictionary of the folded string solution in AdS space reads [18] 
Then
This relation can be inverted in the large S limit. We first consider a small ∆ limit and take inversion,
Thus, the dispersion relation is expressed as
In the large-S limit, ∆ correction terms become dominant and the standard relation E − S ∝ ln S is spoiled. It may suggest that two limits (S → ∞ and ∆ → 0) are not interchangeable.
Periodic spike solutions We next consider the ansatz for the periodic spike solution [10] ,
Here
and v > 1. A point with fixed z is therefore traveling in x direction with speed v. By using ∂ τ = ∂ ξ and ∂ σ = − 1
This can be integrated as
with z 1 = √ 2η 0 /µ and z 0 is a constant of integration, z 2 F = z 2 0 . Here, we look at z equation of motion,
background is characterized by a parameter which is essentially the difference of two deformation parameter. When this parameter is small, we can evaluate the dispersion relation for the moving straight string solution. We also briefly looked at the existence of periodic spike solutions. In the appendix, we briefly discuss the PP-wave limit near the singular surface and find a similar structure that appears in the PP-wave limit near the boundary. This would imply another clue for the similarity between the theories near the singular surface and the AdS boundary. The solutions obtained in this paper are generalization of the solutions in the one parameter deformed background. Although the results including two deformation parameter is complicated and not so illuminating, we can consider some future directions. First, we may calculate various physical quantities with these classical solutions; the holographic entanglement entropy or the complexity from the Wheeler-de Wit patch are some examples. At least in the limit of the parameters discusses in this paper, we will be able to evaluate these values and observe how their behavior changes due to the deformations. The dual gauge theory corresponding to this geometry is still unclear. We also hope that some hints on the dual gauge theory side are obtained through further study of the classical solutions presented in this paper.
Note that this metric has a Z 2 symmetry [4] , r → √ 1 − r 2 , ϕ ↔ φ, and κ + ↔ κ − (equivalent to θ → π 2 − θ φ 1 → φ 1 , φ 2 → −φ 2 , and κ + ↔ κ − ), and the we can assume that κ ≥ κ − in this paper. By changing the coordinates,ρ → sinh ρ and r → sin θ, we obtain
The AdS part of the metric has a singularity (or rather a surface of singularity) at ρ = ρ s with ρ s being a solution of
It can be checked that this is the curvature singularity as in the case of one-parameter deformed geometry. From a point in the bulk, the singular surface can be reached in a finite coordinate time t but it takes infinite affine time as also in the one-parameter deformation case, The coordinate time from the center to the singular surface reads 
Interestingly, this result is independent of the second deformation parameter κ − and precisely agrees with that of one-parameter deformation case [19] . Especially, in a limit, κ − → κ + (κ + ≥ κ − ), the singular surface is pushed to infinity, ρ s → ∞, but the coordinate time is still t = arccot κ + . Under the undeformed limit κ + → 0, we have t = π/2. Next we consider the affine parameter t A . In the massless condition, 0 = p 2 = G tt p t p t + G ρρ p ρ p ρ with E = −p t and p ρ = G ρρ dρ dt A leads to Thus, it takes infinite affine time to reach the singular surface. Note that in the κ − limit, we recover the one parameter deformation case
New coordinates By following [19] , we may define a new coordinate χ as
which covers 0 ≤ χ ≤ ∞ for 0 ≤ ρ ≤ ρ s . With this new variable, the AdS part of the metric can be expressed as
g ρρ dρ 2 = 1 + (κ 2 + + κ 2 − ) cosh 2 χ + f 1 (κ + , κ − ; χ) 2f 1 (κ + , κ − ; χ) dχ 2 ,
With these new coordinates, we may revisit the PP-wave limit. The standard pp-wave limit corresponds to zooming up the near boundary region of the AdS space, which is a part seen by a fast rotating string. We now consider a similar limit in this new coordinate, which corresponds to zooming up near the singular surface. The definition of the new coordinates and the limit are the same, where we use χ instead of ρ that covers inside region bounded by the singular surface ρ = ρ s : z = 2 √ 2e χ 0 −χ , x ± = e χ 0 ∓θ 0 (ψ ± t) .
(108)
Taking the following limit:
ρ 0 , θ 0 → ∞ , e θ 0 −χ 0 = 2µ = fixed.
Plugging these in to the aforementioned new metric, and taking the limit κ ± → 0 with κ ± e 2ρ 0 = µ ± kept finite (∆ = 2(µ + − µ − )), we find that the reduced metric is
In this simplified limit, this is equivalent to the PP-wave limit in the original coordinates as discussed in Section 4. It might suggest that the properties near the AdS boundary and the singular surface are quite similar at least in this limit.
